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where p; is the radius of curvature of the apex of the i-th inclusion,

As an illustration, we present the value of a numerical analysis of (2.13) for the case
of an infinite space with two identical spheroidal inclusions. A field of uniaxial tension
in the direction of the axis of the inclusions is given at infinity. The results are represent-
ed in Fig. 2 for different values of the parameter f=a/c where v=v; =03, and H/az=2.

Also presented for comparison are the data from /6/ (the dashed line) obtained by the
method of equivalent inclusion. A&s is seen from the curves, there is good agreement between
the results even for fairly thick inclusions and a brcad range of variation of the parameter
€1=E]_/E.

The results in /7-9/ follow from (2.13) and (2.16) as special cases.
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THE STANDARD EQUATION METHOD IN THE DYNAMICS OF
STRUCTURALLY INHOMOGENEOUS ELASTIC MEDIA*

A.V, CHIGAREV

The development of the standard equation method is examined for
studying harmonic wave propagation in stochastically inhomogeneous elastic
media. The Helmholtz operator equation describing the propagation of a
mean scalar field in a medium is investigated as the standard equation.
For an arbitrary correlation function of the elastic coefficients of the
medium, the roots of the dispersion equation are found by expanding them
in a series in the dispersion parameter, and the eigenvectors of the
operator are correspondingly determined approximately. For media of the
exponential class, the roots and eigenfunctions of the standard problem
are determined exactly. Results obtained in solving the standard problem,
are used in investigating wave propagation in elastic media; the roots and
eigenvectors are found in the form of a series expansion in the dispersion.
A relationship is set up between the spectra of the elastic operator and
the operator of the standard problem. Formulas are obtained to find the
mean elastic fields (including the eigenvectors) in terms of the mean
standard functions in the form of scattering series.

The elastic operator in an isotropic homogeneous body has eigenvectors
in the form of longitudinal and transverse waves satisfying the Helmholtz
equations. The eigenvalues and vectors of an elastic operator are a set
of eigenvalues and vectors of the Helmholtz operator /1/. The elasticity
equations do not split into Helmholtz equations or scalar equations in the
general case in an inhomogeneous medium., This can be done for high
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frequencies /2/ and certain particular kinds of inhomogeneities /3/.

The method of standard equations /4,5/ enables the form in which the
eigenfunctions and eigenvalues of the problem under investigation must
be sought, to be determined for stochastically inhomogenecus media, the
eguations for the mean field are integro-differential: the medium
possesses spatial dispersion., The dispersion equations are transcendental
and the roots can only be found approximately. We take the Helmholtz
operator equation /6/ as the standard equation, then the roots of the
dispersion eguation and the eigenfunctions are found exactly for the class
of media characterized by an exponential correlation function., The results
of solving the standard problem are used in solving the elastic problem,
where the eigenvalues of the elastic operator are expressed in terms of
the roots and eigenvectors of the standard problem. The standard solution
discribes qualitatively wave propagation in a structurally inhomogeneous
medium, which enables us to speak of the similarity between corresponding
dispersion laws and damping /7/. The dimensionless parameters in which
the quantities in both problems are expanded are the dispersion and the
product of the correlation radius by the wave number /7,8/.

1. The displacement vector m in a harmonic wave being propagating in a stochastically
inhomogeneocus elastic medium satisfies the equations

Lu + pomzu = 0, Lik = iji,,,; (X) V, (1.1)
Here My depends on X in a random manner, p, is the constant density, and o is the
frequency.
Introducing the effective elastic operator A¥* by the relationship
du
oigmtr, 1> = Al B, 1y Un, 1= —;: 1.2

and taking the average of (1.1), we obtain a closed system of equations for <u)

L* (o) +pow? () =0, Li=V,AlY, (1.3)
For a statistically isotropic homogeneous medium, the elastic operator A* has the form
A* = A% (x — x)) dx; (1.4)
The eigenvectors of the operator (1.4) are on the average plane waves /6/
{u{x)d ==u(g)eiex 1.5

Longitudinal <uw’) and transverse <u') waves exist in the medium under consideration, and
we have

=’y + u, (U =u(gy) e (1.8)
Taking account of (1.5) and (1.6), dispersion equations in g, follow from equations (1.3)
B = ga® — pp0*Ac™ (ga, @) =0 ®.7)
Here A, are the eigenvalues of the tensor
L (q) = S L (r)e " dr (3.8)

The explicit analytic form Ay (go, ©) depends on the specific form of the correlation
dependence Ay, (X). However, independently of the form of the correlation function for a
statistically isotropic homogeneous medium, the guantity A, depends on g and can be
represented in the form of an entire function of g, in the complex g¢,* plane,

To find Aq (go®, ©) taking multiple scattering into account, we apply the method of
replacement of the field quantities /6/; we then obtain

Ap(gn @) == Ay, + T* (1 — LOT*1 4 454, (g;, 0) (1.9

Ai (qh (D) el At, -+ Pz* (1 —_ L(‘)Fz*)-l
Ay = pg. App = Ko + *gp,
Here K, po are the effective bulk and shear elastic moduli, T* (g, @), Iy* {g, ©) are
eigenvalues of the polarizability operator I of the medium under consideration

Tz}nz=SP§m (x—x1)dx;, Te=x—x3 {1.10)
»®

T (0, ©) = RO Yomnt (4, @)

v*(q, ©) =S ¥* (v, 0) e~i0-r dr, Iqr'lnnsf (r)= Rﬁnsq‘l?:pal (r)
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Vapat (¥) == R (1) Gl 0 (¥),  RE, (v) == R (r) REY,

Here Rﬁ;; is a constant tensor gcverninq the tensor dependence of the correlation
t : v
tensor Rhmg (r) of the field vy (X): Rimai (€) = <Ypast (X) Yamgt (X)), and the correlation function
{2 (r) governs the coordinate dependence of the correlation tensor R,.,w (r). PFor a strongly
isotropic medium, the tensors Iy (q, ©), M {q, ©), Yhu (4, ®) have the form
F*(q,0)me F1* (g, 0) I+ Fo* (g, 0) I*  (F*=T* M*, 7% (141
I == 88y, * Th== Mg (BuByy + B1ubyy)
1‘3 = I’lﬁ + 2/’]_‘,#’ X‘ = kl‘ + 2!’“#, Y# - YI# _I__: 2/,-‘,’*
T* = 3(3n®* +47a*), Ta*=302v* + 1%, F*==0 (i==3,4,5,6)
Without specifying the form of the correlation function, we calculate the components of

% (9, @) by means of the third formula in (1.10). We now consider the spherical coordinate
system under the integral and integrate with respect to the angles, we then obtain /6,9/

1% =0 [Pl — iPlg — Plome] + 27 1.12)
¥2* == — 205 [Pl — 31Pla) + 2P3q) + 2iPyayke + Playka®lh

Poy={ ju(a)iPe¥R ()P dr, a=1t
0

z==qr, ya=ka]‘, eauk (poc )1 a3 = ;1

Here j,(g,r) is the spherical Bessel function.
We represent J,{gr) in the form
= 3
, — 1)" gnvak ek
& 2K K @2n 2k + 101
We then ocbtain
o0
— 1) ;,—pq
Phor = Y5 Pl PRk ¢
e o ned” T N TR I

S R (r) exp (ikqr) ro+ek-pi2 gp {1.13)
Taking (1.13) into account, we write (1.12)} in the form

(@) = k% Wik, i=1,2 (1.14)
W = — 8, [P} — 1P — Pl + 274
1 = — 20, [PYE° — 3IPETY + BPYEY + 2P5G ke + 213G Ve + Pl

Therefore, the eigenvalues of the polarizability operator T' * (g, ©) are entire functions
of ¢* in the complex ¢® plane.

2. We now examine the standard problem of harmonic wave propagation in a random inhomoge-
neous medium. The simplest three-dimensional problem is described by the Helmholtz equation
/4-6/, for which it is possible to obtain analytic expressions in transparent form.

This is because the dispersion equation has a simple form, and the roots can be evaluated
fairly easily. Correspondingly, the frequency dependences of the velocities and the scattering
coefficient have a comparatively simple form. The Helmholtz equation is used as a standard
for investigating wave propagation in inhomogeneous media in electrodynamics /5/, and in
aelasticity theory /2,4/. We ignore effects associated with wave polarization /5/ here. It
is established that for short (high~frequency) waves the dynamic equations for inhomogeneocus
media can be split into Helmholtz equations for longitudinal and transverse waves /2/.

We will show that the eigenvalues of an elastic operator for a stochastically inhomoge-
neous elastic medium are expressed in terms of the eigenvalues of a generalized Helmholtz
operator while the roots of the dispersion equations (1.7) and the eigenvectors (1.5) are
expressed in terms of the roots and eigenvectors of the corresponding standard problem. We
write the standard equation in the form

A + A (x)p =0 24)

where k* is the square of the wave number of the effective homogeneous medium, A (X)= n* (x) is
the square of the refractive index n (X} = cg™ {x) which is a random function of the space
coordinates, ¢ (x)is the velocity in the inhomogenecus medium, and ¢, is the velocity in the
effective homogeneous medium.
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The averaged equation (2.1) is later considered as standard for operator equations
corresponding to (1.7), which the longitudinal and transverse waves {u®) of the elastic
problem satisfy, on the average. We consequently ascribe the index a to the quantities @,k,
A, c (x),¢,, where a =1 when considering the longitudinal waves and & = ! when considering
the transverse waves on the average. Henceforth, the index a will not be written on the
quantities mentioned. We introduce the effective operator of the standard problem by the

relationship
Ap> = A* <) (2.2)
Taking account of (2.2) when averaging (2.1), we obtain standard equation for <{¢)
Ale> + K2A* (o> =0 2.3)

For a statistically isotropic homogeneous medium A* has the form (1.4), while the
eigenvectors have the form (1,5) although A* (x — x,) and u (q) are different.
We write the dispersion egquation in the form

A=g —~kPA* @ 0) =0, A* =27 (1 —T* (g, o)) 24
F* (q) = [f* (r) e'avdr, (F* = A%, T*; f* = A%, y*)

For an arbitrary correlation function R (r) = {y (x) y (x;)> we have
T* (g, m)=ak=§ R (r) €*j, (gr) dr = ak Py} (g, 0) = (2.5)

am“o 01! Q

% =kg™, a==ag, P,P=xqQ,"

Jn (2) 2222 R (207) dz

e!./}g

Using the recurrence relations for spherical Bessel functions /10/, we obtain a recurrence

formula for @7
n+1 = (2n + 1) QP — 07”_1 (2.6)

We use the notation

2—p=m—n, Q" = ju(x)zmneR (2 dz
0
We then obtain
i = (2n + 1) @77 — Qnd 2.7

Formulas (2.6) and (2.7) do not provide any possibility of expressing the eigenvalues
I'* (g, ® of the elastic problem for an arbitrary correlation function in terms of the I* (g,
®) of the corresponding standard problem,

We will examine the class of media described by correlation functions of the form

R()=A (e Ve k=—1,0 2.8)
where a is the correlation radius, and A, d are complex quantities.
We set k=0,4 = R,,d=a"'; we then obtain in (2.5)

T* (@ 0)=K520 Qi =F (L §i5; —B7) =+ BN Pumsgl, s=a—ik (2.9)
Setting k= —1, 4 = Ry, d = a™! in (2.8), we obtain
I* (@ @)= Riak*B1F (g 1 i — 7)== Ryak?Q,® (B) = Roah® arotg 1 .10)

The correlation function of a Markov field of the form
R(r)= Ryj, (ra‘l)—- 8B iy l: (2.14)

A =aRy )7 dp = —~(—1)"ia, k= =1, ful3=f, — ],
I* (g, @) =210 (B -+ Q0 (B, By= (1 — ak) a™

- 1 1 1
Br=(+akjat, Q0=glngti = F(1. 4 §;67)
can be reduced to the form (2.8),

For the kinds of correlation functions under consideration, the coefficients PP (Q,™),
and therefore also I'* (3, ) in (2.9)-(2.11), are evaluated in terms of the hypergeometric
functions

i) g1 m+1 m+42  2n43 -
12 =TnEnn ( "7 i~z B )
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Using the well-known Gauss recursion formulas for the hypergeometric functions /9,10/,

in addition to (2.6) and (2.7), recurrence formulas can be obtained for Q,™ (P,”) for correla~
tion functions of the form

m __ (2n+41)pt+ (4n —2m + 1) (14-BHQn.
Qn = Gn T —my(n+2—~m) @™~ CGnri— m)(z,.q_lg prag) (2.12)

Qr = P [0 — (2n — m) Q"]

We consider the calculation of the sigenvalues of the polarizability operator I'* (g, @)
using formulas (1.11) and (1,12), Formulas (2.6),(2.7) and (2.12) enable us to express Q,"

in terms of Q! and @,
Q" = 4,"Q + B,"Q! (2.13)

According to (2.13), we obtain the expression for TI'* (¢, ®) in the form

T*== 1" Q' + 1" Quls  Te* =1{"Qs* + 1704 (2.14)
10 == — 3072 (30D, + 118eDy), TP == — 370 (30,C1 + 116,C,)

T we — 607 (0,01 + 205D;), T mm — 6973 (8,C, + 26.C5)

Cyzm % Agt — 30077 4,0 4 ix*4,°

Dy =en %72 Byt — 3iu By + i By?

Cy =3P Ayt — 3G A + %3t (1 — %) Ay + I Ayt + Bingtd,®

D == 332 Byl — 3ixa'Be? + #a (1 — %2") Byt + 95’ Byt + BingB,®

Ao DO LT ST B‘I"""be"x‘

4
Ap e DSBS g B(L4-36Y

b 7 B
A== — +)7 Byt = T? A:‘=*—§ra Bsiﬂ-g'r

Aﬂg{r, BP=— A AS=bf, B=—f, bwmipt

Taking account of {2.%9),(2.10), we obtain the following representation from (2.14)

I'* = @ 4. 707D L POT® Ty L 7OTO L T (2.15)
I == a3 Ry Qg0 '™ za K35TRQ0l, Q1 == i — PQo°

T = —B(Rak 10, T = RiMkisief?

TP = — B (Roak 1 o, TP = R'ktsinf?

Therefore, the eigenvalues of the polarizability operator of the elastic problem T* (g,
), I',* (g, ®) are expressed in terms of the eigenvalues I'® (g, o), I'® {g, ) of the standard
problems (2,9),(2.10), respectively. Because of (1,3}, the eigenvalues of the elastic operator
Ay (gny ®) are expressed in terms of 'Y (ge, ©) of two standard problems. The eigenvalues
I'* in the standard problem I'® (g, ®) are the polarizability operator, taking account of
multiple scattering, and are related to the eigenvalues A® (g, @) of the operator A" by the
formula

T* (g, ©) = (A* (g, ©) = ko) A*™ (g, @) (2.16)

Thus, the eigenvalues of the elastic operator are expressed in terms of the eigenvalues
of the operators A®* of the corresponding standard problems. For example, for an slastic
medium with the exponential correlation function (2,8) with k= 0,4 =R, d=4a? the
eigenvalues I® (g, @) are expressed by means of (2.15) in terms of the eigenvalue TI'® (g, ©)
of the standard problem for a medium with the same correlation function and in terms of the
eigenvalue I'® (g, @) of the standard problem for a medium with the correlation function {(2.8)
with k= ~—1, 4 = R,;,, d =a.

3. We examine evaluation of the eigenvectors and roots of dispersion equations of the
elastic problem in terms of the corresponding quantities of the standard problem. On average,
the longitudinal and transverse waves in an elastic medium satisfy the equations

AAR > + kP > =0, @ =1, ¢ 3.1

The corresponding standard equations have the form

AAR 9™ + ka* (g% =0, @ = I, ¢ (3.2)
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Here A:? is the inverse operator to A* in (2.2). We later omit the subscript a but
retaining the subscript u to denote quantities in the elastic problem and the subscript ¢
for the standard problem.

The integral equation

ey = (9% — { Gap (X — x1) A (x1) (w2 dxy (3.3)
Ay = A;u - A:w (AA:@ + kﬂ) Ga_q; =0 (X - x;)

is equivalent to (3.1) and (3.2).
Solving (3.3) by successive iterations, we obtain

@y =To* (g% To*=1 + {GughAy’ dx; + {§ GagBaehe’dAS dxrdxs + . .. (3.4)
There is no summation over repeated subscripts in (3.1)-(3.4). The solution <u%) in
the form of the scattering series (3.4) takes account of the successive rescattering of the
"standard" wave by the average inhomogeneities of the elastic medium,
The dispersion equations corresponding to (3.1) and (3.2) are written, respectively, in
the form

Gap® = ka®AZF (Gap, ©), B=u, @ (3.5)
From (3.5) we obtain an equation to calculate gg.? in terms of gay?
qgw. = q’w — ka.’Ac’ww (Gaws Gagr @) A;mp = A:;I — AN (3.6)
Solving (3.6) by successive iterations, we find
Quoy =ger n=1,2, ... 3.7

qa(n) = go® — F*Auwy’ Guin-1+ Go» @)

The eigenvectors of the operators A ana A$4 for a statistically isotropic homogeneous
medium have the form exp (iq,-x) and exp (igo-X). The eigenfunctions of an elastic operator
are expressed in terms of the eigenfunctions of the standard operator

exp (iq,, - X) == exp (iqy - X) exp (iP-x) (3.8
b= qek?*Aug (Gg» ©) + Gu*q'
0 =q"—q% ©° =05, P=u¢

The first term in the vector 4+ in (3.8) takes account of the difference of g, from Qe
because of the difference in the eigenvalues A“J, while the second is because of the dif-
ference in the directions of the elastic and standard vectors.

Calculation of the approximate eigenvectors and the roots of the elastic problem in terms
of the standard values is a result of extending the standard operator to the elastic operator
/11,12/., Note that (3.7) enables us to relate the distribution of the roots /13/ of the
elastic and standard problems.
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APPLICATION OF DUALITY METHODS IN PROBLEMS OF
OPTIMIZING THE SHAPE OF ELASTIC BODIES *

L.V. PETUKHOV and S.I. REPIN

A method is proposed for obtaining estimates of the magnitude of the
global extremum in plate and three-dimensional body shape-optimization
problems. This enables an estimate to be made of the ultimate possibilities
of optimization. In certain cases, a control is constructed successfully
for which the values of the cbjective functional will be close, and
sometimes even equal, to the magnitude of the global extremum.

1. Free vibrations of thin plates. Let there be a domain £ & R' with piece-
wise-smooth boundary T =T (J Ty |JTs. The frequency @ of free vibrations of a plate of
thickness h is given by the following relations:

of = min ® (h, w); O (k, w) = I (h, VYT (h, ) .1)
I (h, w) = §.Dh'\p (@y) 32 T (h, w) = pho (z, y) IR
Q

D=E({l2(1~—+), o=u*, p=(dwp—2(1—v)
M (wizxwvyy - wzvxy)
V=w|lveW?Q); v=v,=0o0nT;, v=0 onTy
Here E is Young's modulus, v is Poisson's ratio, p is the density, w is the deflection,
z, y are Cartesian coordinates of a point, and v,, denotes the derivative along the normal

to the contour I'. The optimization problem is as follows: it is required.to find A* and w*
such that

® (k*, w*) = sup inf ® (h, w) #.2)
He={heLa @ |{hdR=hymesQ, b <h <ha}

Q
hy >hg>h1 >0

where mes Q denotes the Lebesgue measure of the domain Q.

It is known that in problems of this kind, the existence of generalized solutions /5,6/
is possible in addition to piecewise-smooth solutions /1-4/. Moreover, problem (1.2) 1is
non-convex; consequently, different numerical algorithms only result in locally optimal
solutions /7,8/. However, attempts can be made to find the function k& H for which the
value of the cbjective functional is less than the supremum by a certain small quantity e.
For this it is necessary to estimate the value of the supremum, as can be done by using the
dual problem.

The following problem is called the dual of the original /9/: Find h*, w* such that

@ (h*, w*) = inf sup D (h, w) (1.3)
waV MaH
The following inequalities are cbviously valid
sup int® (h, w) < inf sup © (h, w) 1.4)
wavV haH hraH wav

and can be used to construct upper bounds for the magnitude of the supremum in problem (1.2).
We use the notation
Q=3up ® (h,wy), sV (1.5)
heH
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